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KINEMATICS OF QUADRUPED WALKING 
SUMMARY 
One of the advantages of legged locomotion over wheeled locomotion is that the 
legged locomotion can tolerate much larger irregularities in the terrain when 
compared to that of wheeled locomotion. The classifying of walking robots can be 
made based on the number of legs, such as bipeds, quadrupeds, hexapods. Obviously, 
the more legs there are, the easier it is to maintain static stability. In this thesis, 
quadruped walking is presented. The reason of this choice is that the quadruped 
locomotion is the most agile way of maneuvering in an unstructured environment. In 
terms of biologically inspired robotic modeling of a quadruped system, the horse is 
chosen because it is favorable one for both stability and agility. The virtual reality 
animation was constructed to show the skeleton of a horse for better understanding of 
kinematics of quadruped walking. 
 
The methodology presented in this thesis is based on Spatial Operator Algebra 
(SOA). This algorithm was applied to the quadruped system with varying topology 
since constraints change during walking. The complexity of kinematic analysis of 
quadruped walking is due to this varying topology. Whenever a leg looses contact 
wıth ground, that leg is treated as a serial topology. Those that have contact with 
ground form a closed topology system. The kinematic analysis of these two 
topologies must be done simultaneously with respect to the given gait. 
 
In gait planning, we considered one of the common gaits of the robot, the walking 
trot of a quadruped mammal. In this type of gait, the legs in diagonal move in 
tandem. 
 
There are two main kinematic problems: forward kinematics problem and inverse 
kinematics problem. In the first one, the joint variables are given and the problem is 
to find the angular and the linear velocity vectors of the tip point of the robot. For the 
inverse kinematics, the angular and the linear velocity vectors of the tip point of the 
robot is given and the problem is to find the joint variables. In this thesis each tip 
point represents a tip point of only one of the fingers of a leg. The joint velocities of 
the legs are computed. 
 
Simulation results are obtained by using MATLAB and animation applications are 
obtained by using the virtual reality toolbox of MATLAB (VRT). We report our 
simulation results using trot as the gait of 8 degrees-of-freedom per leg robot 
walking. 
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DÖRT AYAKLI YÜRÜME KĠNEMATĠĞĠ 
ÖZET 
Günümüzde mobil robotlar başta endüstriyel çalışma alanları olmak üzere, 
hastanelerde, evlerde ve daha birçok alanda geniş kullanım alanı bulmaktadır. Çeşitli 
araştırma grupları tarafından mekanizması, hareket planlaması, kontrol yöntemleri, 
kinematik ve dinamik analizleri üzerine birçok çalışma yapılmaktadır. Dünya 
genelinde üretilen ve üzerinde çalışılan farklı özelliklerde mobil robot türleri 
mevcuttur. Bunlar içinde tekerlekli robotlar ve yürüyen robotlar ön plana 
çıkmaktadır. Tekerlekli robotların imalatı ve kontrolü yürüyenlere göre daha basittir 
ve düz yüzeylerde verimli çalışırlar. Zemin yumuşadığında kaymalar başlar ve 
tekerlekli sistemler verimsiz hale gelir. Benzer şekilde engebeli arazide tekerlekli 
robotlar yol üzerinde bulunan küçük engellerde bile sorun yaşarlar. Yürüyen robotlar 
ise hareket ederken ayakları sayısınca noktaya temas ederler. Bunların arasındaki 
yüzeyin sürekliliği onun yürümesine genel olarak bir engel teşkil etmeyecektir. 
Böylece farklı tipte arazi yapılarına kolayca uyum sağlayabilirler. 
 
Düzgün olmayan bir yolda hareket sağlayabilecek tek sistem olarak ayaklı robotlar 
görünse de boyutlarının limitlerinden dolayı onların da hareket edemeyecekleri 
durumlar mevcuttur. Örneğin büyük yarıkların olduğu bir arazide robotun yataydaki 
en uzun ayağı yarıktan daha kısa ise, veya tırmanacağı yükseklik robotun dikeydeki 
en yüksek ayağı ile bile ulaşılamıyorsa sistem hareket edemeyecektir. Bu durumda 
zıplayan robotlara gerek duyulmaktadır. Ama bu robotların yüksek güç gereksinimi, 
mekanik olarak çok karmaşık olmaları gibi dezavantajları da bulunmaktadır. Ayrıca 
yüksek manevra kabiliyeti için yeterli sayıda serbestlik derecesi olması gerekir. Bu 
konuda son yıllarda yapılan çalışmaların sayılarında artış gözlenmektedir. Kinematik 
ve dinamik modellenmesinde, analizinde ve kontrolünde ilerleme kat edilmişse de 
mekanik yapısı çok gelişme gösteremediğinden şu an beklenen gelişmeyi 
yansıtamamaktadır. 
 
Yürüyen sistemler ayak sayısına göre isimlendirilmişlerdir. İki ayaklı (biped), dört 
ayaklı (quadruped), altı ayaklı (hexapod), vs. Bu sistemler içinde doğadan da 
görülebileceği üzere en çevik hareket sistemine dört ayaklı robotlar sahiptir. Ayak 
sayısı arttıkça robot daha fazla yük taşıyabilecektir. Ama altı ayaklı robotlar dört 
ayaklılara göre daha az çeviktirler. Arazide yük taşıma problemi çeviklik, kararlılık 
ve yük taşıma kapasitesi ile beraber göz önüne alındığında dört ayaklı yürümenin en 
iyi seçim olacağı anlaşılacaktır. 
 
Bu tezde dört ayaklı sistemler içinden biyolojik sistem olarak atı model aldık. At 
insanlığın yük taşıma ve ulaşımda kullandığı ilk evcil hayvanlardandır. Atı diğer dört 
ayaklı hayvanlardan ayıran iki önemli özelliği vardır. Birincisi ayaklarının 
kilitlenebilme özelliğidir. Bu özelliğinden faydalanarak daha ağır yükleri daha uzun 
mesafelere taşıyabilmekte, yere yatmadan ayakta uyuyabilmektedir. İkinci önemli 
özelliği ise köprücük kemiklerinin olmamasıdır. Omuz eklemleri omurgasına bir kas 
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demeti ile bağlıdır. Bu atın adımlarını daha büyük atabilmesine olanak sağlar. 
Modellerken atın iskelet sistemi incelendi. Kemik uzunlukları ve eklem yapılarına 
göre matematik modeli oluşturuldu. 
 
Bu tezde açıklanan yönteme göre bütün ayaklı hareket eden robotlar gibi burada 
incelenen dört ayaklı robot da zamanla değişen bir topolojiye sahiptir. Robot bir 
ayağını hareket ettirmek için kaldırdığında kalkan ayak seri topolojide yani seri 
manipülatör yapısında hareket edecektir. Bir ayak havadayken yerde olan ve zemini 
tutan diğer ayaklar ise kapalı çevrim topolojisinde paralel robot gibi hareket 
edecektir. Bu sebeple dört ayaklı yürümenin kinematik analizi bu iki topoloji de göz 
önünde bulundurularak yapılabilir. Bu tezde önce seri ve kapalı çevrim 
topolojisindeki sistemler ayrı ayrı ele alındı. Bu sistemlerin kinematik analizleri 
Uzaysal Operatör Cebri (UOC) kullanılarak detaylı olarak açıklandı ve bu bilgiler 
ışığında dört ayaklı robotun kinematik analizi verilen yürüyüş şekline göre yapıldı.  
 
Uzaysal operatörler, rijit yapıların kinematik ve dinamik modellenmesini ve analizini 
kolaylaştıran altı boyutlu vektörler olarak tanımlanabilir. Üç boyut açısal hızlardan, 
diğer üç boyut da doğrusal hızlardan oluşur. Uzaysal operatörler özyinelemeli yapısı 
sayesinde çoklu manipülatör sistemlerine kolayca uygulanabilir. Diğer kinematik 
analiz metotlarına göre daha sistematik ve kolay programlanabilir bir yüksek 
performanslı hesaplama algoritmasıdır. 
 
Üç boyutlu çalışma uzayında geçerli bütün konfigürasyonlara ulaşmak için 
manipülatörün serbestlik derecesinin altıdan (üç boyutta dönme ve üç boyutta 
öteleme) düşük olmaması gerekir. Tekil durumlarda Jacobian matrisin rankı düşeceği 
için bu çalışmada dört ayaklı robotun her bir ayağı sekiz serbestlik dereceli olarak 
modellenmiştir. Sistem genel olarak otuz sekiz serbestlik derecesine sahiptir. 
Bunlardan altı tanesi dört ayaklı robotun gövdesinden, otuz iki tanesi de her ayağın 
sekiz serbestlik derecesinden gelmektedir. 
 
Ayaklı sistemleri tekerlekli sistemlerden ayıran bir diğer temel özellik de yürüyüş 
şekli planlanmasıdır. Yürüyüş şekilleri statik ve dinamik yürüyüş şekilleri olarak iki 
sınıfta toplanabilir. Dört ayaklı robotlardaki dinamik yürüyüş şekilleri içinde tırıs 
(trot) enerji verimliliği en yüksek olan yürüyüş şeklidir. Tırıs yürüyüş şeklini 
anlamak için yapılan çalışmalar diğer dinamik yürüyüş şekillerini (adımlama, 
zıplama) de anlamaya yardımcı olacaktır. Bu tezde incelenen dört ayaklı robotun 
simülasyon uygulamaları tırıs yürüme şekli ile gerçekleştirilmiştir. Bu yürüme 
şeklinde atın çapraz ayakları beraber hareket eder. Sağ ön ayak ile sol arka ayak, sol 
ön ayak ile sağ arka ayak sırasıyla adım atar ve yere basarlar. 
 
Atın yürüyüşü planlanırken kinematik kısıtlardan yararlanıldı. Olabildiğince yüksek 
performanslı bir algoritma ile çalışabilmesi için gereksiz hesaplamalardan 
kaçınılmaya çalışıldı. Yerde olan ayakların açısal hızları önem arzetmediğinden 
dolayı hesaplamaya katılmadı, serbest bırakıldı. Doğrusal hızlar ise bu noktalarda   
sıfır olarak sisteme verildi. Böylece serbest konumda iken sekiz serbestlik dereceli 
olan bir ayak zeminle temas halindeyken üç serbestlik derecesi kaybetmiş oldu. 
Zeminle temas noktasında açısal hızlardan kaynaklanan üç dönme ve ayağın kendi 
içindeki kinematik artıklığından kaynaklanan iki serbestlik derecesi ile beraber ayak 
toplamda beş serbestlik dereceli olmuş oldu. Adım atarken havaya kalkan ayağa 
herhangi bir kısıt tanımlanmadğından dolayı ayak yine sekiz serbestlik dereceli hale 
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gelir. İlk durumda bütün ayaklar yerle temas halinde iken her ayakta doğrusal 
hızların kısıtlarından dolayı düşen üç serbestlik derecesi ile beraber toplam yirmi 
serbestlik derecesi bulunur. Bu çalışmada yürüyüş planlanırken atın gövdesine 
sadece doğrusal hız verildi ve açısal hızları serbest bıraklıdı. At hareketin 
başlamadan önce bütün ayaklar yerle temas halindeyken gövdenin de doğrusal 
hızların kısıtlarından dolayı düşen üç serbestlik derecesi ile beraber sistemin toplam 
serbestlik derecesi yirmi üç olarak hesaplanır. At tırıs hareket için çapraz iki ayağını 
birden kaldırarak hareket ettiğinde bu ayaklardaki doğrusal hızlardan kaynaklanan 
kısıtlar da kalkacağından iki ayağa toplam altı serbestlik derecesi daha eklenecek ve 
sistemin toplam serbestlik derecesi yirmi dokuza çıkacaktır. Yürüme boyunca bu 
yürüyüş biçimine bağlı olarak tanımlanan kinematik kısıtlar ve sistemin serbestlik 
derecesi değişmektedir. 
 
Kinematik analizde ileri ve ters kinematik olmak üzere iki ana problem vardır. 
Birincisinde eklemlere istenilen açısal hızlar verilir ve manipülatörün uç noktasının 
açısal ve doğrusal hızlarının hesaplanması incelenir. İkincisinde ise manipülatörün uç 
noktasının açısal ve doğrusal hızları verilerek eklemlerin açısal hızlarının 
hesaplanması istenir. Bu tezde dört ayaklı robotun ayaklarının uç noktalarının 
doğrusal hızları yürüyüş şekline göre sisteme verilerek her ayaktaki eklemlerin açısal 
hızları hesaplanmıştır. 
 
Simülasyon çalışmaları MATLAB kullanılarak, animasyon uygulamaları ise 
MATLAB-SIMULINK'te bulunun sanal gerçeklik araç kutusu (VRT) kullanılarak 
gerçekleştirilmiştir. Simülasyonlar dört bacaklı, her bacağında sekiz serbestlik 
derecesi bulunan robota uygulanarak gerçekleştirilmiş, elde edilen sonuçlar ayrıntılı 
olarak verilmiştir.  
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1 
1.  INTRODUCTION 
Mobile robots are already being widely used in different areas and they have 
different features. Those mobile robots can be classified as three types of locomotion 
mechanisms [1]. Wheeled, legged and hybrid of the two mechanisms. There are 
conditions that these have advantages and disadvantages according to each other. 
Wheeled mobile robots are generally used on flat ground [2], and more efficient than 
legged locomotion on such surfaces. On the other hand, in rough terrain walking 
machines are more efficient than wheeled robots [3]. The hybrid type of mobile robot 
can utilize the advantages of wheel and leg mechanisms [4, 5].  
Legged robots can be classified based on the number of legs, such as bipeds, 
quadrupeds, hexapods. There are two important properties for legged locomation. 
These are stability and agility (or maneuverability). Without a doubt, quadruped 
locomation is the most agile way of maneuvering in an unstructured environment. 
Hexapods are superior than quadrupeds in terms of stability, but they suffer in 
agility. In spite of the fact that bipeds are the least favorable one for both stability 
and agility, they atract more attention from the scientific community in robotics. This 
is not only because of a simple reason that human is a biped, but also for the sake of 
simplicity in gait analysis which is practically not an issue in bipeds. Considering the 
payload capacity together with stability and agility, it is fair to conclude that 
quadruped locomation is the best choice. This can be observed in the nature as well. 
Legged robots present some problems that do not exist in wheeled robots, such as 
gait analysis. This requires a good understanding of kinematics and keen knowledge 
of dynamics of the system. From the modeling point of view, a multilegged walking 
robot is very complicated due to its complex mechanism and redundant actuation 
when compared to a wheeled robot. 
There are various studies about walking on rough terrain are documented in the 
literature [6].  Static walking, for example, has been well covered in many different 
aspects such as the gait transition problem [7]. Another important aspect is the 
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payload capacity. In order to achieve certain payload capacity, limb lengths have to 
be appropriately chosen [8]. The structure is also very important [9]. For a detailed 
historical review on the development of quadruped walking machines, one can refer 
to a recent book [10] by Gonzalez de Santos et. al. 
There are a number of methods used for kinematics of robots. Out of these methods, 
Denavit-Hartenberg is well-known and well-used worldwide. Jacques Denavit and 
Richard Hartenberg introduced this convention in 1955 in order to standardize the 
coordinate frames for spatial linkages [11, 12]. The more number of degrees of 
freedom is the more difficult it gets to apply this method as it needs to compute the 
velocities by taking time derivative of the positions. There is a need for a high 
performance algorithm for modeling a manipulator with high number of degrees of 
freedom. It is also essential that this is a vector based algorithm so that physical 
insight is provided. 
One such algorithm is known as “screw theory.” The elements of screw theory can 
be traced to the work of Chasles and Poinsot in the early 1800s. Chasles proved that 
a rigid body can be moved from any one position to any other by a movement 
consisting of rotation about a straight line followed by translation parallel to that line. 
Using the theorems of Chasles and Poinsot as a starting point, Robert S. Ball 
developed a complete theory of screws which he published in 1900 [13]. There are 
two main advantages of using the screw theory for describing rigid body kinematics. 
The first is that they allow a global description of rigid body motion which does not 
suffer from singularities due to the use of local coordinates. The second advantage is 
that screw theory provides a very geometric description of rigid motion which 
greatly simplifies the analysis of mechanisms. In 1983, Featherstone [14] presents a 
work on the computation of robot dynamics using articulated body inertias utilizing 
the spatial algebra. After that, Guillermo Rodriguez [15] states that inverse and 
forward dynamics of problems for multi-link serial manipulators are solved by using 
recursive techniques from linear filtering and smoothing theory. In 1991, 
Abhinandan Jain [16] states in its paper that a unified formulation about serial rigid 
multibody systems can be developed by utilizing the tools provided by the Spatial 
Operator Algebra(SOA). Other works of Rodriguez et. al. on spatial operator algebra 
are mentioned in [17, 18, 19, 20].  
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In this thesis, I analyse kinematics of a quadruped mammal-like mechanism using a 
screw theory based algorithm called Spatial Operator Algebra (SOA). Like all the 
legged mobile robots the topology of the robot presented in this thesis is time variant. 
Another challenge is that we have to deal with both open chain and closed chain 
kinematic problems simultaniously. When a leg of the robot is in the air before 
grasping a point on the terrain, the model for that leg is an open kinematic chain 
model, similar to the models of a serial industrial manipulator. At this time, all the 
other legs with a grasp on the terrain constitute closed kinematic chain. 
The organisation of the thesis is as follows: chapter two describes general 
representations of rigid body motion. Chapter three presents, serial manipulator on a 
fixed platform and, serial manipulator on a mobile platform cases using SOA. This is 
followed by the cooperating manipulator on a mobile platform case in the same 
chapter. Chapter four explains the mechanism to be analyzed in the thesis in terms of 
degrees of freedom. Simulation and animation results of kinematic analysis of 
quadruped robot together with gait planing are given in chapter five. Finally, chapter 
six is the conlusion. 
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2.  RIGID BODY MOTION 
All rigid body motion can be defined using translation and rotation transformations. 
Let us 𝑂 be an object which is described as a subset of ℝ3. Using Euclidean space 
properties we can define any object in Cartesian coordinates. A rigid motion of an 
object can be represented by a continuous family of mappings 𝑔 𝑡 : 𝑂 → ℝ3. This 
mapping describes how individual points in the body move as a function of time, 
relative to some fixed Cartesian coordinate frame. And also we can use vector 
definition instead of point. Given two points 𝑝, 𝑞 ∈ 𝑂, the vector 𝑣 ∈ ℝ3 connecting 
𝑝 to 𝑞 is defined to be the directed line segment going from 𝑝 to 𝑞. In coordinates 
this is given by 𝑣 = 𝑞 − 𝑝 with 𝑝, 𝑞 ∈ ℝ3. Though both points and vectors are 
defined using similar three components in Cartesian coordinates, they are 
conceptually quite different. 
A mapping 𝑔: ℝ3 → ℝ3 is a rigid body transformation if it satisfies the following 
properties: 
1. Length is preserved:  𝑔 𝑝 − 𝑔 𝑞  =  𝑝 − 𝑞  for all points 𝑝, 𝑞 ∈ ℝ3 
2. The cross product is preserved: 𝑔∗ 𝑣 × 𝑤 = 𝑔∗ 𝑣 × 𝑔∗ 𝑤  
The first property gives us distance between points on a rigid body are not altered by 
rigid motions. However this condition is not sufficent since it allows internal 
reflections, which are not physically realizable. Thus a rigid body transformation 
must also satisfy second property to preserve orientation. The distance between 
points and the cross product between vectors is fixed. This does not mean that 
particles in a rigid body can not move relative to each other. However that particles 
in a rigid body can not translate, they can rotate with respect to each other. Thus, to 
keep track of the motion, of a rigid body, we need to keep track of the motion of any 
one particle of the rigid body and the rotation of the body about this point. In order to 
do this, we represent the configuration of a rigid body by attaching a Cartesian 
coordinate frame to some point on the rigid body and keeping track of the motion of 
this body coordinate frame relative to a fixed frame. The motion of the individual 
6 
particles in the body can then be retrieved from the motion of the body frame and the 
motion of the point of attachment of the frame to the body [21]. 
2.1 Rotational Motion in ℝ𝟑 
Firstly, we can consider a pure rotation, it can be seen below: 
 
Figure 2.1 : Pure rotational motion. 
We describe the orientation of the body by giving the relative orientation between a 
coordinate frame attached to the body and a fixed or inertial coordinate frame. From 
now on, all coordinate frames will be right-handed unless stated otherwise. Let 𝐴 be 
the inertial frame, 𝐵 the body frame, and 𝑥𝑎𝑏 , 𝑦𝑎𝑏 , 𝑧𝑎𝑏 ∈ ℝ
3 the coordinates of the 
principal axes of B relative to 𝐴 (Figure 2.1). Stacking these coordinate vectors next 
to each other, we define a 3 × 3 matrix: 
𝑅𝑎𝑏 =  𝑥𝑎𝑏 𝑦𝑎𝑏 𝑧𝑎𝑏   (2.1) 
We call a matrix constructed in this manner a rotation matrix: every rotation of the 
object relative to the ground corresponds to a matrix of this form. Rotation matrix 
has two important property: 
𝑅𝑅𝑇 = 𝑅𝑇𝑅 = 𝐼 (2.2) 
𝑑𝑒𝑡𝑅 = +1 (since the coordinate frame is right-handed) (2.3) 
abz
aby
abx
y
x
z
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The set of all 3 × 3 matrices which satisfy these two properties is denoted 𝑆𝑂 3 . 
The notation 𝑆𝑂 abbreviates special orthogonal. 
𝑆𝑂 3 =  𝑅 ∈ ℝ3×3: 𝑅𝑅𝑇 = 𝐼, 𝑑𝑒𝑡𝑅 = +1  (2.4) 
2.2 Exponential coordinates for rotation 
A common motion encountered in robotics is the rotation of a body about a given 
axis by some amount. 𝜔 ∈ ℝ3 be a unit vector which specifies the direction of 
rotation and 𝜃 ∈ ℝ be the angle of rotation in radians. Since every rotation of the 
object corresponds to some 𝑅 ∈ 𝑆𝑂 3 , we would like to write R as a function of 𝑤 
and 𝜃. 
 
Figure 2.2 : Exponential coordinates. 
If we rotate the body at constant unit velocity about the axis 𝑤, the velocity of the 
point 𝑞 , may be written as: 
𝑞 𝑡 = 𝜔 × 𝑞 𝑡 = 𝜔 𝑞 𝑡  (2.5) 
This is a time-invariant linear differential equation which may be integrated to give 
𝑞 𝑡 = 𝑒𝜔 𝑡𝑞 0  (2.6) 
where 𝑞 0  is the initial  𝑡 = 0  position of the point and 𝑒𝜔 𝑡  is the matrix 
exponential 
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𝑒𝜔 𝑡 = 𝐼 + 𝜔 𝑡 +
 𝜔 𝑡 2
2!
+
 𝜔 𝑡 3
3!
+ ⋯ (2.7) 
It follows that if we rotate about the axis 𝜔 at unit velocity for 𝜃 units of time, then 
the net rotation is given by 
𝑅 𝜔, 𝜃 = 𝑒𝜔 𝜃  (2.8) 
here the 𝜔  is a skew symmetric matrix and it satisfies 𝜔 𝑇 = −𝜔 . The vector space of 
all 3 × 3 skew matrices is denoted 𝑠𝑜(3): 
𝑠𝑜 3 =  𝑆 ∈ ℝ3×3: 𝑆𝑇 = −𝑆  (2.9) 
Given a matrix 𝜔 ∈ 𝑠𝑜 3 ,  𝜔 = 1 and a real number 𝜃 ∈ ℝ, we write the 
exponential of 𝜔 𝜃 as 
𝑒𝑥𝑝 𝜔 𝜃 = 𝑒𝜔 𝜃 = 𝐼 + 𝜃𝜔 +
𝜃2
2!
𝜔 2 +
𝜃3
3!
𝜔 3 + ⋯ (2.10) 
This is an infinite series and not useful for computing. To obtain a closed-form 
expression for  𝑒𝑥𝑝 𝜔 𝜃 , we make use of the following formulas for power of 𝑎 , 
which are verified by direct calculation. 
𝑎 2 = 𝑎𝑎𝑇 −  𝑎 2𝐼 (2.11) 
𝑎 3 = − 𝑎 2𝑎  (2.12) 
if we put the terms 𝑎 = 𝜔𝜃,  𝜔 = 1,  to the exponential of 𝜔 𝜃 the equation 
becomes 
𝑒𝜔 𝜃 = 𝐼 +  𝜃 −
𝜃3
3!
+
𝜃5
5!
− ⋯ 𝜔 +  
𝜃2
2!
−
𝜃4
4!
+
𝜃6
6!
− ⋯ 𝜔 2 (2.13) 
and hence 
𝑒𝜔 𝜃 = 𝐼 + 𝜔 𝑠𝑖𝑛𝜃 + 𝜔 2 1 − 𝑐𝑜𝑠𝜃  (2.14) 
This formula, commonly referred to as Rodrigues’ formula, gives an efficient method 
for computing exp⁡(𝜔 𝜃). As can be seen exp⁡(𝜔 𝜃) is the rotation matrix which 
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expresses rotation by 𝜃 about axis 𝜔. We can also find 𝜃 and 𝜔 for a given any 
exp⁡(𝜔 𝜃) rotation matrices given by, 
exp 𝜔 𝜃 = 𝑅 =  
𝑟11 𝑟12 𝑟13
𝑟21 𝑟22 𝑟23
𝑟31 𝑟32 𝑟33
      
 
(2.15) 
𝜃 = 𝑐𝑜𝑠−1  
𝑟11 + 𝑟22 + 𝑟33 − 1
2
     
 
(2.16) 
𝜔 =
1
2𝑠𝑖𝑛𝜃
 
𝑟32 − 𝑟23
𝑟13 − 𝑟31
𝑟21 − 𝑟12
  (2.17) 
2.3 Rigid Motion in ℝ𝟑  
 
Figure 2.3 : Rigid motion in ℝ𝟑. 
The representatinon of general rigid body motion, involving both translation and 
rotation. We describe the position and orientation of a coordinate frame 𝐵 attached to 
the body relative to an inertial frame 𝐴 in Figure 2.3. Let 𝑝𝑎𝑏 ∈ ℝ
3 be the position 
vector of the origin of frame 𝐵 from the origin of frame 𝐴, and 𝑅𝑎𝑏 ∈ 𝑆𝑂 3  the 
orientation of frame 𝐵, relative to frame 𝐴. A configuration of the system consists of 
bz
 by

bx

ay

ax

az

A
B
bq

aq

abp

abg
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the pair  𝑝𝑎𝑏 ,  𝑅𝑎𝑏  , and the configuration space of the system is the product space of 
ℝ3 with 𝑆𝑂 3 , which shall be denoted as 𝑆𝐸 3 , Special Euclidean group: 
𝑆𝐸 3 =   𝑝, 𝑅 ∶ 𝑝 ∈ ℝ3 , 𝑅 ∈ 𝑆𝑂 3  = ℝ3 × 𝑆𝑂 3  (2.18) 
with a given 𝑞𝑏 , we can find 𝑞𝑎  by a transformation of coordinates:  
𝑞𝑎 = 𝑝𝑎𝑏 + 𝑅𝑎𝑏𝑞𝑏  (2.19) 
where 𝑔𝑎𝑏 =  𝑝𝑎𝑏 , 𝑅𝑎𝑏  ∈ 𝑆𝐸 3  is the specification of the configuration of the 𝐵 
frame relative to the 𝐴 frame. By an abuse of notation, we write 𝑔 𝑞  to denote the 
action of a rigid transformation on a point,  
𝑔 𝑞 = 𝑝 + 𝑅𝑞 (2.20) 
so that 𝑞𝑎 = 𝑔𝑎𝑏  𝑞𝑏 . This transformation is an affine transformation. Using the 
preceding notation for points, we may represent it in linear form by writing it as: 
𝑞 𝑎 =  
𝑞𝑎
1
 =  
𝑅𝑎𝑏 𝑝𝑎𝑏
0 1
  
𝑞𝑏
1
 =: 𝑔 𝑎𝑏𝑞 𝑏  (2.21) 
The 4 × 4 matrix 𝑔 𝑎𝑏  is called the homogeneous representation of 𝑔𝑎𝑏 ∈ 𝑆𝐸 3 . In 
general, if  𝑔 =  𝑝, 𝑅 ∈ 𝑆𝐸 3 , then 
𝑔 =  
𝑅 𝑝
0 1
  (2.22) 
2.4 Exponential Coordinates For Rigid Motion  
The notion of the exponential mapping for 𝑆𝑂 3  can be generalized to the 
Euclidean group, 𝑆𝐸 3 . It can be explained with a simple example.   
Consider the simple example of a one-link robot as shown in Figure 2.4, where the 
axis of rotation is 𝜔 ∈ ℝ3 ,  𝜔 = 1, and 𝑞 ∈ ℝ3 is a point on the axis. Assuming 
that the link rotates with unit velocity, then the velocity of the tip point, 𝑝 𝑡  is: 
𝑝 𝑡 = 𝜔 ×  𝑝 𝑡 − 𝑞 = 𝜔 × 𝑝 𝑡 − 𝜔 × 𝑞 (2.23) 
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Figure 2.4 : Exponential coordinates for rigid motion. 
The equation (2.23) can be rewritten in homogeneous coordinates: 
 
𝑝 
0
 =  
𝜔 −𝜔 × 𝑞
0 0
  
𝑝
1
  (2.24) 
with 𝑣 = −𝜔 × 𝑞, we can define 𝜉 : 
−𝜔 × 𝑞 = 𝜐 ⇒ 𝜉 =  
𝜔 𝜐
0 0
  (2.25) 
and the equation becomes: 
 
𝑝 
0
 = 𝜉  
𝑝
1
 ⇒ 𝑝  = 𝜉 𝑝 (2.26) 
This is a firts order differential equation with the solution: 
𝑝 𝑡 = 𝑒𝜉
 𝑡𝑝 0  (2.27) 
where 𝑝 0  is the initial position of the point  𝑡 = 0 , 𝑝 𝑡  is current position and 
e𝜉
 𝑡  is the matrix exponential of 4 × 4 matrix 𝜉 𝑡 defined by: 
𝑒𝜉
 𝑡 = 𝐼 + 𝜉 𝑡 +
 𝜉 𝑡 
2
2!
+
 𝜉 𝑡 
3
3!
+ ⋯ (2.28) 
The scalar t is the total amount of rotation(angle). exp⁡ 𝜉 𝑡  is a mapping from the 
initial location of a point to its location after rotating t radians. 
q
 tp  tp
vw
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The 4 × 4 matrix 𝜉  is the generalization of the skew-symmetric matrix 𝜔 ∈ 𝑠𝑜 3 . 
Analogous to the definition of 𝑠𝑜 3 , we define 
𝑠𝑒 3 =   𝜐, 𝜔  ∶ 𝜐 ∈ ℝ3 , 𝜔 ∈ 𝑠𝑜 3   (2.29) 
In homogeneous coordinates, we write an element 𝜉 ∈ 𝑠𝑒 3  as 
𝜉 =  
𝜔 𝜐
0 0
 ∈ ℝ4×4 (2.30) 
An element of 𝑠𝑒 3  is referred to as a twist, or a (infinitesimal) generator of the 
Euclidean group. We define the ∨ (vee) operator to extract the 6-dimensional vector 
which parameterizes a twist, 
 𝜔 𝜐
0 0
 
∨
=  
𝜐
𝜔
  (2.31) 
and 𝜉 ≔  𝜐, 𝜔  the twist coordinates of 𝜉 . The inverse operator, ∧ (wedge), forms a 
matrix in 𝑠𝑒 3  out of a given vector in ℝ6: 
 
𝜐
𝜔
 
∧
=  
𝜔 𝜐
0 0
  (2.32) 
Thus, 𝜉 ∈ ℝ6:  𝜐, 𝜔  represents the twist coordinates for the twist 𝜉 ∈ 𝑠𝑒 3 ; this 
parallels our notation for skew-symmetric matrices. 
The exponential of a twist represents the relative motion of a rigid body. As a 
mapping, exp⁡ 𝜉 𝑡  takes points from their initial coordinates, 𝑝 0 ∈ ℝ3, to their 
coordinates after the rigid motion is applied: 
𝑝 𝜃 = 𝑒𝜉
 𝜃𝑝 0  (2.33) 
Both 𝑝 0  and 𝑝 𝜃  are specified with respect to a single reference frame. If a 
coordinate frame B is attached to a rigid body undergoing a screw motion, the 
instantaneous configuration of the coordinate frame B, relative to a fixed frame A, is 
given by 
𝑔𝑎𝑏  𝜃 = 𝑒
𝜉 𝜃𝑔𝑎𝑏  0  (2.34) 
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This transformation can be interpreted as follows: multiplication by 𝑔𝑎𝑏  0  maps the 
coordinates of a point relative to the B frame into A’s coordinates, and the 
exponential map transforms the point to its final location [21]. 
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3.  KINEMATIC MODELLING USING SPATIAL OPERATOR ALGEBRA 
3.1 Spatial Operator Algebra (SOA) 
Spatial Operator Algebra (SOA) is a high performance algorithm for modeling a 
manipulator with high number of degrees of freedom and it is a recursive method 
that uses coordinate-free vectorial notation.  
To clarify the notation throughout this thesis, let us consider a variable 𝛼. Three 
indices 𝑎, 𝑏, 𝑐 can be used as 𝛼𝑐𝑏
𝑎  to mean the following the superscript 𝑎 indicates 
the number of the associated leg, the left subscript 𝑏 is occasionally used to indicate 
the dimension of the variable is 𝑏 × 𝑏, and the right subscript 𝑐 indicates the number 
of the link (body) frame being considered. Vectors in 3 dimensional spaces are 
represented with an overarrow (𝑥 ). Spatial vectors in 6 dimensional spaces are 
represented with two overarrows (𝑥  ). And the other vectors in all other cases are 
represented as underlined (𝑥). 
 
Figure 3.1 : Vectors associated with link 𝑘 of the manipulator 𝑖. 
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A rigid link is depicted in Figure 3.1. Angular and linear velocities of the 𝑘𝑡ℎ  link of 
the 𝑖𝑡ℎ  manipulator are represented 𝜔  𝑘
𝑖  and 𝜐 𝑘
𝑖  respectively, and they propagate 
from link 𝑘 − 1 to link 𝑘 for a revolute joint as follows: 
𝜔  𝑘
𝑖 = 𝜔  𝑘−1
𝑖 + ℎ  𝑘
𝑖 𝜃 𝑘
𝑖  (3.1) 
𝜈 𝑘
𝑖 = 𝜐 𝑘−1 
𝑖 + 𝜔  𝑘−1
𝑖 × ℓ  𝑘−1,𝑘
𝑖 = 𝜐 𝑘−1 −
𝑖 ℓ  𝑘−1,𝑘 × 𝜔  𝑘−1
𝑖𝑖  
= 𝜐 𝑘−1 −
𝑖 ℓ 𝑘−1,𝑘
𝑖 𝜔  𝑘−1
𝑖  (3.2) 
where ℎ  𝑘
𝑖  is the axis of rotation vector of joint 𝑘 and ℓ 𝑘−1,𝑘
𝑖 ≜  ℓ  𝑘−1,𝑘
𝑖 ×  is an 
operator in the form of a skew symmetric matrix given as: 
ℓ 𝑘−1,𝑘
𝑖 =
 
 
 
 0 − ℓ
  
 𝑘−1,𝑘 𝑧
𝑖 ℓ   𝑘−1,𝑘 𝑦
𝑖
ℓ   𝑘−1,𝑘 𝑧
𝑖 0 − ℓ   𝑘−1,𝑘 𝑥
𝑖
− ℓ   𝑘−1,𝑘 𝑦
𝑖 ℓ   𝑘−1,𝑘 𝑥
𝑖 0  
 
 
 
 (3.3) 
where this is the reference frame: 
ℓ  𝑘−1,𝑘
𝑖 =
 
 
 
 ℓ
  
 𝑘−1,𝑘 𝑥
𝑖
ℓ   𝑘−1,𝑘 𝑦
𝑖
ℓ   𝑘−1,𝑘 𝑧
𝑖
 
 
 
 
 
When we put the equations (3.1) and (3.2) into the matrix form we get 
 
𝜔  𝑘
𝑖
𝜈 𝑘
𝑖
 =  
𝐼3 03
− ℓ 𝑘−1,𝑘
𝑖 𝐼3
  
𝜔  𝑘−1
𝑖
𝜈 𝑘−1
𝑖
 +  
ℎ  𝑘
𝑖
0  
 𝜃 𝑘
𝑖  (3.4) 
where, spatial velocity of link 𝑘 is defined as 
𝑉    𝑘
𝑖 ≜  
𝜔  𝑘
𝑖
𝜈 𝑘
𝑖
  (3.5) 
and the link velocity propagation operator is defined as 
𝜙𝑘 ,𝑘−1
𝑖 ≜  
𝐼3 03
− ℓ 𝑘−1,𝑘
𝑖 𝐼3
  (3.6) 
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and, finally, the axis of rotation spatial vector of joint 𝑘 is defined as 
𝐻    𝑘
𝑖 ≜  
ℎ  𝑘
𝑖
0  
  (3.7) 
Equation (3.7) is used for revolute joints as already explained. If the joint is prismatic 
then 𝐻    𝑘
𝑖  is defined as 
𝐻    𝑘
𝑖 ≜  
0  
ℎ  𝑘
𝑖   (3.8) 
We can write (3.4) in a compact form using definitions (3.5), (3.6) and (3.7) 
𝑉    𝑘
𝑖 = 𝜙𝑘 ,𝑘−1
𝑖 𝑉    𝑘−1
𝑖 + 𝐻    𝑘
𝑖 𝜃 𝑘
𝑖  (3.9) 
With this equation, spatial velocity (angular and linear velocities) of link 𝑘 − 1  
propagated to the link 𝑘. Using this information, we can model manipulators easily. 
3.2 Serial Manipulator On A Fixed Platform 
A serial manipulator constitutes a serial topology system whose kinematics will be 
given in this section. We will propagate the spatial velocities of each joint from base 
to tip (terminal body) of arm 𝑖 on a fixed base.  
 
 
 
 
 
 
 
Figure 3.2 : Serial manipulator on a fixed platform. 
base joints 
2,1

i
3,2

i
1,0

i
3
2
1
0
TB 
n
i
1n
i
nn
i
ii ,1


TB Terminal body 
t
tn
i
i ,


18 
In Figure 3.2 𝑛𝑖  is the number of DOF of the 𝑖𝑡ℎ  manipulator. Now let us look at 
how spatial velocities propogate from base to the link number 𝑛𝑖 . Because the 
manipulator is on a fixed platform, both angular and linear velocities at point 0 
shown in Figure 3.2 are zero vectors.  
𝑉    0
𝑖 = 0     
𝑉    1
𝑖 = 𝜙1,0
𝑖 𝑉    0
𝑖 + 𝐻    1
𝑖 𝜃 1
𝑖  
𝑉    2
𝑖 = 𝜙2,1
𝑖 𝑉    1
𝑖 + 𝐻    2
𝑖 𝜃 2
𝑖  
⋮ 
𝑉    
𝑛𝑖
𝑖 = 𝜙
𝑛𝑖 , 𝑛𝑖 −1
𝑖 𝑉    
𝑛𝑖 −1
𝑖 + 𝐻    
𝑛𝑖
𝑖 𝜃 
𝑛𝑖
𝑖  
(3.10) 
we can rewrite the equations in (3.10) using the state transition property of the 
propagation matrix 𝜙𝑎 ,𝑏
𝑖 𝜙𝑏 ,𝑐
𝑖 = 𝜙𝑎 ,𝑐
𝑖  , and we get 
𝑉    0
𝑖 = 0     
𝑉    1
𝑖 = 𝐻    1
𝑖 𝜃 1
𝑖  
𝑉    2
𝑖 = 𝜙2,1
𝑖 𝐻    1
𝑖 𝜃 1
𝑖 + 𝐻    2
𝑖 𝜃 2
𝑖  
𝑉    3
𝑖 = 𝜙3,1
𝑖 𝐻    1
𝑖 𝜃 1
𝑖 + 𝜙3,2
𝑖 𝐻    2
𝑖 𝜃 2
𝑖 + 𝐻    3
𝑖 𝜃 3
𝑖  
⋮ 
𝑉    
𝑛𝑖
𝑖 = 𝜙
𝑛𝑖 ,1
𝑖 𝐻    1
𝑖 𝜃 1
𝑖 + ⋯ + 𝜙
𝑛𝑖 , 𝑛𝑖 −1
𝑖 𝐻    
𝑛−1𝑖
𝑖 𝜃 
𝑛−1𝑖
𝑖 + 𝐻    
𝑛𝑖
𝑖 𝜃 
𝑛𝑖
𝑖  
(3.11) 
 Equations in (3.11) can be written in a matrix form as follows: 
 
 
 
 
 
 𝑉  
  
1
𝑖
𝑉    2
𝑖
⋮
𝑉    𝑛𝑖
𝑖
 
 
 
 
 
 
=
 
 
 
 
 𝐼6 06 ⋯ 06
𝜙2,1
𝑖 𝐼6 ⋯ 06
⋮ ⋮ ⋱ ⋮
𝜙 𝑛𝑖 ,1
𝑖 𝜙 𝑛𝑖 ,2
𝑖 ⋯ 𝐼6  
 
 
 
 
 
 
 
 
 
 𝐻  
  
1
𝑖 0    ⋯ 0    
0    𝐻    2
𝑖 ⋯ 0    
⋮ ⋮ ⋱ ⋮
0    0    ⋯ 𝐻    𝑛𝑖
𝑖
 
 
 
 
 
 
 
 
 
 
 𝜃
 
1
𝑖
𝜃 2
𝑖
⋮
𝜃 𝑛𝑖
𝑖
 
 
 
 
 
 (3.12) 
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where, 
𝑉𝑖 =
 
 
 
 
 
 𝑉  
  
1
𝑖
𝑉    2
𝑖
⋮
𝑉    
𝑛𝑖
𝑖
 
 
 
 
 
 
         𝜙𝑖 =
 
 
 
 
 𝐼6 06 ⋯ 06
𝜙2,1
𝑖 𝐼6 ⋯ 06
⋮ ⋮ ⋱ ⋮
𝜙
𝑛𝑖 ,1
𝑖 𝜙
𝑛𝑖 ,2
𝑖 ⋯ 𝐼6  
 
 
 
 
  
𝐻𝑖 =
 
 
 
 
 
 𝐻  
  
1
𝑖 0    ⋯ 0    
0    𝐻    2
𝑖 ⋯ 0    
⋮ ⋮ ⋱ ⋮
0    0    ⋯ 𝐻    
𝑛𝑖
𝑖
 
 
 
 
 
 
               𝜃 𝑖 = 
 
 
 
 
 𝜃
 
1
𝑖
𝜃 2
𝑖
⋮
𝜃 
𝑛𝑖
𝑖
 
 
 
 
 
 
(3.13) 
We can write (3.12) in a compact form by using definitions in (3.13) 
𝑉𝑖 = 𝜙𝑖 𝐻𝑖 𝜃 𝑖  (3.14) 
Using equation (3.14) we propagate the spatial velocities from base to link 𝑛𝑖  of arm 
𝑖. Now let us see how we can propagate the spatial velocities from link 𝑛𝑖  to tip 𝑡 of 
arm 𝑖. 
   
Figure 3.3 : Propagation from joint 𝑛𝑖  to tip 𝑡 of arm 𝑖. 
𝜔  𝑡
𝑖 = 𝜔  
𝑛𝑖
𝑖  
𝜈 𝑡
𝑖 = 𝜐 
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 𝑖 + 𝜔  
𝑛𝑖
𝑖 × ℓ  
𝑛𝑖 ,𝑡
𝑖 = 𝜐 
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 𝑖 − ℓ 
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(3.15) 
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When we put the equations in (3.15) into the matrix form we get 
 
𝜔  𝑡
𝑖
𝜈 𝑡
𝑖
 =  
𝐼3 03
− ℓ 
𝑛𝑖 ,𝑡
𝑖 𝐼3
  
𝜔  
𝑛𝑖
𝑖
𝜈 
𝑛𝑖
𝑖
  (3.16) 
where, the propagation operator 𝜙
𝑡 , 𝑛𝑖
𝑖  is defined as 
𝜙
𝑡 , 𝑛𝑖
𝑖 =  
𝐼3 03
− ℓ 
𝑛𝑖 ,𝑡
𝑖 𝐼3
  (3.17) 
The equation (3.16) can be rewritten in a compact form as 
𝑉    𝑡
𝑖 = 𝜙
𝑡 , 𝑛𝑖
𝑖 𝑉    
𝑛𝑖
𝑖  (3.18) 
Equation (3.18) can be written in terms of 𝑉𝑖  instead of 𝑉    
𝑛𝑖
𝑖  as 
𝑉    𝑡
𝑖 = 𝜙𝑡
𝑖 𝑉𝑖  (3.19) 
where, 
𝜙𝑡
𝑖 =  06 06 ⋯ 𝜙𝑡 , 𝑛𝑖
𝑖
  (3.20) 
with the equations (3.14) and (3.19) we get 
𝑉    𝑡
𝑖 = 𝜙𝑡
𝑖 𝜙𝑖 𝐻𝑖 𝜃 𝑖  (3.21) 
here we define the Jacobian operator as 
ℐ𝑖 ≜ 𝜙𝑡
𝑖 𝜙𝑖 𝐻𝑖  (3.22) 
ℐ𝑖  is the Jacobian operator of the 𝑖𝑡ℎ  manipulator, which is a linear operator that 
maps joint space to task space. With equations (3.21) and (3.22) we can write the 
general expression of tip velocitiy as 
𝑉    𝑡
𝑖 = ℐ𝑖 𝜃 𝑖  (3.23) 
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That is to say, if the velocities of joints is known, the angular and linear velocities of 
the tip point can be computed using Jacobian operator. This is referred to as forward 
kinematics. 
Let us partition the six dimensional spatial space back to two 3 dimensional spaces 
for linear and angular velocities as follows 
 
𝜔  𝑡
𝑖
𝜈 𝑡
𝑖
 =  
ℐ𝜔
𝑖
ℐ𝜐
𝑖
 𝜃 𝑖  (3.24) 
In the equation (3.24) ℐ𝜔
𝑖  and ℐ𝜐
𝑖  are 3 × 𝑛 matrices (where 𝑛 is the number of the 
DOF). These equations can be written as 
𝜔  𝑡
𝑖 = ℐ𝜔
𝑖 𝜃 𝑖  
𝜈 𝑡
𝑖 = ℐ𝜐
𝑖 𝜃 𝑖  
(3.25) 
With this representation we can see the general formulation of angular and linear 
velocities due to the joint velocities, which will be used in next sections. 
What is referred to inverse kinematics is essentially the computation of the velocity 
vector in joint space based on the spatial velocity of the tip point. This requires the 
pseudo inverse of the Jacobian which can be obtained as long as it is full-rank. 
𝜃 𝑖 = ℐ#𝑖 𝑉    𝑡
𝑖  (3.26) 
where ℐ#𝑖  is the pseudo-inverse of the Jacobian. When Jacobian is a square matrix, 
inverse of it can be directly computed under the same assumption that it is full-rank. 
To keep the algorithm general, we will not impose a restriction on the number of 
DOF to be equal to the number of dimensions of the task space. Therefore we 
consider pseudo inverse instead of straight inverse for the sake of generality. 
Kinematic modeling of a serial manipulator on a fixed platform is now completed. 
We will model a serial manipulator on a mobile platform in the next section. 
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3.3 Serial Manipulator On A Mobile Platform 
Mobile platform is a platform that can move with or without constraints. Kinematical 
modelling of a serial manipulator on a mobile platform, whose conceptual drawing is 
shown in Figure 3.4, is same as previous section except that there is a base velocity. 
In this section we will investigate the effect of the base velocity to the tip velocity. 
This will be done using a propagation operator. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 3.4 : Serial manipulator on a mobile platform. 
In this case, 𝑉    𝑏  is the base spatial velocity vector, ℓ  𝑏,𝑡
𝑖  is the vector from base to tip 
which is the sum of the link vectors of 𝑖𝑡ℎ  arm. The angular and linear velocities of 
the tip point can be written as 
𝜔  𝑡
𝑖 = 𝜔  b
𝑖 + ℐ𝜔
𝑖 𝜃 𝑖  
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𝑖 + 𝜔  b
𝑖 ℓ  𝑏,𝑡
𝑖 + ℐ𝜐
𝑖 𝜃 𝑖  
(3.27) 
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when we put these equations into the matrix form we get 
 
𝜔  𝑡
𝑖
𝜈 𝑡
𝑖
 =  
𝐼3 03
− ℓ 𝑏,𝑡
𝑖 𝐼3
  
𝜔  𝑏
𝑖
𝜈 𝑏
𝑖
 +  
ℐ𝜔
𝑖
ℐ𝜐
𝑖
 𝜃 𝑖  (3.28) 
where, the propagation operator 𝜙𝑡 ,𝑏
𝑖  is defined as 
𝜙𝑡 ,𝑏
𝑖 =  
𝐼3 03
− ℓ 𝑏 ,𝑡
𝑖 𝐼3
  (3.29) 
The equation (3.28) can be rewritten as 
𝑉    𝑡
𝑖 = 𝜙𝑡 ,𝑏
𝑖 𝑉    𝑏 + ℐ
𝑖 𝜃 𝑖  (3.30) 
Here, 𝜙𝑡 ,𝑏
𝑖  can be defined as 
𝜙𝑡 ,𝑏
𝑖 = 𝜙𝑡
𝑖 𝜙𝑖 𝜙𝑏
𝑖  (3.31) 
and 𝜙𝑏
𝑖  is the propagation operator which propagate the angular and linear 
velocities from base to the link ℓ  0,1
𝑖 , can be defined as 
𝜙𝑏
𝑖 =
 
 
 
 
 𝜙1,𝑏
𝑖
06
⋮
06  
 
 
 
 
 (3.32) 
Hence, the general expression of the tip velocity of a serial manipulator on a mobile 
platform obtained in a compact form as given in equation (3.30). This concludes the 
kinematics of an open-chain manipulator. 
3.4 Cooperating Manipulators On A Mobile Platform 
Multiple manipulators that work together to perform a common task are called 
cooperating manipulators. Consider that manipulators are rigid grasping to the 
common load and 𝑝 is the number of arms. The conceptual drawing is shown in 
Figure 3.5. 
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Figure 3.5 : Cooperating manipulators on a mobile platform. 
In addition to previous chapter we will generalize  serial manipulators on a mobile 
platform. We can write the equation (3.30) for each manipulator in Figure 3.5 as 
follows 
𝑉    𝑡
1 = 𝜙𝑡 ,𝑏
1 𝑉    𝑏 + ℐ
1 𝜃 1  
𝑉    𝑡
2 = 𝜙𝑡 ,𝑏
2 𝑉    𝑏 + ℐ
2 𝜃 2  
⋮ 
𝑉    𝑡
𝑝
= 𝜙𝑡 ,𝑏
𝑝
𝑉    𝑏 + ℐ
𝑝
𝜃 
𝑝
 
(3.33) 
Equations in (3.33) can be written in a matrix form as follows: 
 
 
 
 
 
 𝑉  
  
𝑡
1
𝑉    𝑡
2
⋮
𝑉    𝑡
𝑝
 
 
 
 
 
 
=
 
 
 
 
 
ℐ1 0 ⋯ 0
0 ℐ2 ⋯ 0
⋮ ⋮ ⋱ ⋮
0 0 ⋯ ℐ
𝑝
 
 
 
 
 
 
 
 
 
 
𝜃 1
𝜃 2
⋮
𝜃 
𝑝
 
 
 
 
 
+
 
 
 
 
 
𝜙𝑡 ,𝑏
1
𝜙𝑡 ,𝑏
2
⋮
𝜙𝑡 ,𝑏
𝑝
 
 
 
 
 
𝑉    𝑏  (3.34) 
This can be written in a compact form as 
𝑉𝑡 = ℐ𝜃 + 𝜙𝑡 ,𝑏𝑉  
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Now we need to define 𝜙𝑡 , 𝜙, 𝐻 and 𝜃  so that kinematic model of cooperating 
manipulators on a mobile platform can be obtained in compact form. 
𝜙𝑡 =
 
 
 
 
 06 𝜙
1
𝑡 0 ⋯ 0
06 0 𝜙
2
𝑡 ⋯ 0
⋮ ⋮ ⋮ ⋱ ⋮
06 0 0 ⋯ 𝜙
𝑝
𝑡 
 
 
 
 
 (3.36a) 
𝜙 =
 
 
 
 
 
 𝐼6 0 0 ⋯ 0
𝜙1 𝜙𝑏
1 𝜙1 0 ⋯ 0
𝜙2 𝜙𝑏
2 0 𝜙2 ⋯ 0
⋮ ⋮ ⋮ ⋱ ⋮
𝜙
𝑝
𝜙𝑏
𝑝
0 0 ⋯ 𝜙
𝑝
 
 
 
 
 
 
 (3.36b) 
𝐻 =
 
 
 
 
 
 𝐼6 0 0 ⋯ 0
0 𝐻1 0 ⋯ 0
0 0 𝐻2 ⋯ 0
⋮ ⋮ ⋮ ⋱ ⋮
0 0 0 ⋯ 𝐻
𝑝
 
 
 
 
 
 
   ,   𝜃 =
 
 
 
 
 
 𝑉  
  
𝑏
𝜃 1
𝜃 2
⋮
𝜃 
𝑝
 
 
 
 
 
 (3.36c) 
Hence, the Jacobian is 
ℐ = 𝜙𝑡𝜙𝐻 =
 
 
 
 
 
𝜙𝑡 ,𝑏
1 ℐ1 0 ⋯ 0
𝜙𝑡 ,𝑏
2 0 ℐ2 ⋯ 0
⋮ ⋮ ⋮ ⋱ ⋮
𝜙𝑡 ,𝑏
𝑝
0 0 ⋯ ℐ
𝑝
 
 
 
 
 
 (3.37) 
Now, the forward kinematics is obtained as 
𝑉𝑡 = ℐ𝜃  (3.38) 
And the inverse kinematics can be written as 
𝜃 = ℐ#𝑉𝑡  (3.39) 
Next chapter we will utilize these equations in our model and explain how this 
algorithm is applied. 
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4.  KINEMATIC MODELLING OF QUADRUPED SYSTEM 
4.1 Quadruped Systems 
The researchers working in the area of “biologically inspired robotics” are, at large, 
the robotics community members who, first and foremost, believe that nature is the 
richest source of knowledge for science and engineering. Some members of this 
community, based on observation, may conclude that birds are bipeds who think “I 
rather be flying” and humans invented the plane for the same reason. On the other 
hand, mammals seem not to be complaining about their quadruped walking. Horse, 
for example, has an amazing maneuverability on rough terrain. 
There are several studies about quadruped robotic walking in the literature. For 
example, the Titan VIII reptile-like robot shown in Figure 4.1 (a) is a representative 
quadruped robot developed at Tokyo Institute of Technology [22]. An industrial 
company, Sony in Japan, interested in the area of entertainment robot developed the 
dog robot in Figure 4.1 (b) [23, 24]. Recently, some researchers have an interest in 
the robots for military applications. For the purpose of military delivery services, the 
robot in Figure 4.1 (c) was developed by Boston Dynamics Company [Url-1]. 
Actually, this robot can be used to deliver some military loads needed in dangerous 
environment including irregular terrain.  
 
Figure 4.1 : Quadruped walking robots that (a) TITAN VIII, (b) an entertainment   
      robot, AIBO and (c) a military service robot, BigDog. 
(a) (b) (c) 
28 
  
 
Figure 4.2 : Horse. 
While the model was designing, we compose the structural model based on a horse. 
To provide the mobility with payload in rough terrain such a choice was made. Man 
has used the horses for ages for transporting and load carrying. They have preferred 
because they have two distinctive features. In the first one, horses have the feature 
that locking their long bones. By this way they can carry the heavier loads to the 
longer distances. Moreover, as a result of this feature horses can sleep standing. In 
the second one is, horses have no collar bone and this provides the ability of taking 
longer steps. Their shoulder joints are bounded to the spine with a muscle bunch. So 
that horses can go round faster than the other large mammals.  
 
Figure 4.3 : Horse’s skeleton, structure of bones and joints. 
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We can begin to the modeling of a horse by accepting its one leg is in the structure of 
serial manipulator. By using the equations in Chapter 3.3 under the title of serial 
manipulator of a mobile platform, we will analyze the one leg in the next section. 
4.2 Frame Assignment And Kinematical Modelling Of 𝒊𝒕𝒉 Leg Of Horse 
One leg of the horse can be drawn as below. To provide the easy understanding, we 
can show the links with lines and also we can show the joints with red dots.  
 
Figure 4.4 : Pictorial and manipulator representation of 𝑖𝑡ℎ  leg of  the horse. 
In Figure 4.5 joints and links are represented with drawings of cylinders and lines 
respectively. It also indicate tip and base assignments. The Degrees of freedom of 
shoulder and hip joints, elbow and knee joints, carpus and tarsus joints, and fetlock 
joints are 3, 2, 1, 2 respectively. However it has not any offset between joints in first, 
second and fourth joints in the model represented in Figure 4.4, it was shown in 
Figure 4.5 with some offset to avoid misunderstanding. 
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Figure 4.5 : Degrees of freedoms of 𝑖𝑡ℎ  leg of the horse. 
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Figure 4.6 : Computer generated image of the right fore leg of the  
       horse and it’s symbolic representation. 
Firstly, we will model the 𝑖𝑡ℎ  leg only. The structure of the right fore leg of the horse 
is shown in Figure 4.6. All four legs have 8 degree of freedom. 
The frame assignment for a leg of the horse is shown in Figure 4.7. The equations 
and spatial vectors are chosen in the initial configuration of the leg. Orthogonal 
frames obeying right hand rule. 
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Figure 4.7 : Frame assignment for a leg of the horse. 
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The link and axis of rotation vectors can be written from Figure 4.5 and Figure 4.7 as 
ℓ  𝑏 ,1
𝑖 =  3 −2 sin 30 2 cos 30  
𝑥 𝑏
𝑖
𝑦 𝑏
𝑖
𝑧 𝑏
𝑖
  
ℓ  1,2 = −2
𝑖 𝑧 1
𝑖 , ℓ  2,3 = −1,5
𝑖 𝑧 2
𝑖 , ℓ  3,4 = −1
𝑖 𝑧 3
𝑖 , ℓ  4,t = −0,4
𝑖 𝑧 4
𝑖  
(4.1) 
ℎ  1𝑥 =
𝑖 𝑥 1
𝑖 , ℎ  1𝑦 =
𝑖 𝑦 1
𝑖 , ℎ  1𝑧 =
𝑖 𝑧 1
𝑖  
ℎ  2𝑦 =
𝑖 𝑦 2
𝑖 , ℎ  2𝑧 =
𝑖 𝑧 2
𝑖 , ℎ  3 =
𝑖 𝑦 3
𝑖  
ℎ  4𝑥 =
𝑖 𝑥 4
𝑖 , ℎ  4𝑦 =
𝑖 𝑦 4
𝑖  
(4.2) 
with these equations we can constract the 𝜙𝑖 , 𝜙𝑡
𝑖 , 𝜙𝑏
𝑖  and 𝐻𝑖  matrices. Let us 
start with the sub matrices of 𝜙𝑖  as 
𝜙2,1 =  
𝐼3 03
− ℓ 1,2
𝑖 𝐼3
 𝑖      𝜙3,2 =  
𝐼3 03
− ℓ 2,3
𝑖 𝐼3
 𝑖   
𝜙4,3 =  
𝐼3 03
− ℓ 3,4
𝑖 𝐼3
 𝑖      𝜙𝑡 ,4
𝑖 =  
𝐼3 03
− ℓ 4,𝑡
𝑖 𝐼3
  
(4.3) 
and the other sub matrices of 𝜙𝑖  can be found by using the state transition property 
of the propagation matrix. 
𝜙𝑖 =
 
 
 
 
 𝐼6 06 06 06
𝜙𝑖 2,1 𝐼6 06 06
𝜙𝑖 3,1 𝜙
𝑖
3,2 𝐼6 06
𝜙𝑖 4,1 𝜙
𝑖
4,2 𝜙
𝑖
4,3 𝐼6  
 
 
 
 
 (4.4) 
The 𝜙𝑡
𝑖 , 𝜙𝑏
𝑖  matrices can be written as 
𝜙𝑡
𝑖 =  06 06 06 𝜙𝑡 ,4
𝑖   
𝜙1,𝑏
𝑖 =  
𝐼3 03
− ℓ 𝑏 ,1
𝑖 𝐼3
  , 𝜙𝑏
𝑖 =
 
 
 
 
 𝜙1,𝑏
𝑖
06
06
06  
 
 
 
 
 
(4.5) 
All joints are revolute joints. Joint 1 have 3 degree of freedom and it composed of 
three revolute joints. In here ℎ  1𝑥
𝑖 , ℎ  1𝑦
𝑖  and ℎ  1𝑧
𝑖  vectors expresses the rotation in 
𝑥, 𝑦 and 𝑧 axes.  
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So 𝐻1
𝑖  can be written as 
𝐻1
𝑖 =  
ℎ  1𝑥
𝑖 ℎ  1𝑦
𝑖 ℎ  1𝑧
𝑖
0  0  0  
  
where ℎ  1𝑥
𝑖 =  1 0 0 𝑇 , ℎ  1𝑦
𝑖 =  0 1 0 𝑇, ℎ  1𝑧
𝑖 =  0 0 1 𝑇. And 𝐻1
𝑖  
comes to 
𝐻1
𝑖 =  
𝐼3
03
  
The second, third and fourth joints can be written as respectively  
𝐻2
𝑖 =  
ℎ  2𝑦
𝑖 ℎ  2𝑧
𝑖
0  0  
  , 𝐻3
𝑖 =  
ℎ  3
𝑖
0  
  , 𝐻4
𝑖 =  
ℎ  4𝑥
𝑖 ℎ  4𝑦
𝑖
0  0  
  
The general axis of rotation matrix is 
𝐻𝑖 =
 
 
 
 
 𝐻1
𝑖 0 0 0
0 𝐻2
𝑖 0 0
0 0 𝐻3
𝑖 0
0 0 0 𝐻4
𝑖  
 
 
 
 
 (4.6) 
The Jacobian of the 𝑖𝑡ℎ  leg can be written from equation (3.22) as 
ℐ𝑖 = 𝜙𝑡
𝑖
 
 
 
 
 𝐼6 06 06 06
𝜙𝑖 2,1 𝐼6 06 06
𝜙𝑖 3,1 𝜙
𝑖
3,2 𝐼6 06
𝜙𝑖 4,1 𝜙
𝑖
4,2 𝜙
𝑖
4,3 𝐼6  
 
 
 
 
 
 
 
 
 𝐻1
𝑖 0 0 0
0 𝐻2
𝑖 0 0
0 0 𝐻3
𝑖 0
0 0 0 𝐻4
𝑖  
 
 
 
 
 (4.7) 
The 𝜙𝑡 ,𝑏
𝑖  can be written from equation (3.31) as 
𝜙𝑡,𝑏
𝑖 =  06 06 06 𝜙𝑡 ,4
𝑖                 
𝜙𝑡
𝑖
 
 
 
 
 𝐼6 06 06 06
𝜙𝑖 2,1 𝐼6 06 06
𝜙𝑖 3,1 𝜙
𝑖
3,2 𝐼6 06
𝜙𝑖 4,1 𝜙
𝑖
4,2 𝜙
𝑖
4,3 𝐼6  
 
 
 
 
                  
𝜙𝑖
 
 
 
 
 𝜙1,𝑏
𝑖
06
06
06  
 
 
 
 
    
𝜙𝑏
𝑖
 
(4.8) 
And the spatial velocity of the tip of 𝑖𝑡ℎ  leg can be found as 
𝑉    𝑡
𝑖 = 𝜙𝑡 ,𝑏
𝑖 𝑉    𝑏 + ℐ
𝑖 𝜃 𝑖  (4.9) 
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where  
𝜃 𝑖 =  𝜃 1
𝑖 𝜃 2
𝑖 𝜃 3
𝑖 𝜃 4
𝑖 𝜃 5
𝑖 𝜃 6
𝑖 𝜃 7
𝑖 𝜃 8
𝑖  
T
 (4.10) 
4.3 Kinematical Modelling Of Horse 
We can apply these results that we obtained above to each legs separately. And the 
matrices which were mentioned in Chapter 3.4 can be rearranged with these results. 
So the kinematic analyze of quadruped system can be made. The unconstrained 
system has 38 DOF in total; 6 from the base, and 8 from each arm. 
 
Figure 4.8 : Pictorial representation of quadruped system. Here  
TB stands for “Terminal Body”. 
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Figure 4.9 : Manipulator representation of quadruped system. 
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If the matrixes of 𝜙𝑖 , 𝜙𝑡
𝑖 , 𝜙𝑏
𝑖  and 𝐻𝑖  would be programmed as shown, it is 
possible to obtain the spatial velocities at the tip point of the quadruped system for 
each feet. 
𝜙𝑡 =
 
 
 
 
 06 𝜙
1
𝑡 0 0 0
06 0 𝜙
2
𝑡 0 0
06 0 0 𝜙
3
𝑡 0
06 0 0 0 𝜙
4
𝑡 
 
 
 
 
 , 𝜙 =
 
 
 
 
 
 𝐼6 0 0 0 0
𝜙1 𝜙𝑏
1 𝜙1 0 0 0
𝜙2 𝜙𝑏
2 0 𝜙2 0 0
𝜙3 𝜙𝑏
3 0 0 𝜙3 0
𝜙4 𝜙𝑏
4 0 0 0 𝜙4  
 
 
 
 
 
 
𝐻 =
 
 
 
 
 
 𝐼6 0 0 0 0
0 𝐻1 0 0 0
0 0 𝐻2 0 0
0 0 0 𝐻3 0
0 0 0 0 𝐻4  
 
 
 
 
 
 
ℐ = 𝜙𝑡𝜙𝐻 =
 
 
 
 
 
𝜙𝑡 ,𝑏
1 ℐ1 0 0 0
𝜙𝑡 ,𝑏
2 0 ℐ2 0 0
𝜙𝑡 ,𝑏
3 0 0 ℐ3 0
𝜙𝑡 ,𝑏
4 0 0 0 ℐ4  
 
 
 
 
   ,   𝜃 =
 
 
 
 
 
 
 𝑉  
  
𝑏
𝜃 1
𝜃 2
𝜃 3
𝜃 4  
 
 
 
 
 
 
The joint rates can be computed by using the pseudo-inverse of the Jacobian matrix 
from given spatial velocities of the tip point as: 
𝜃 = ℐ#𝑉𝑡  (4.11) 
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5.  GAIT PLANNING AND SIMULATION STUDIES 
Using the methodology presented in Chapter 4.3 the system was simulated using 
MATLAB. MATLAB is chosen for simulations of forward and inverse kinematic of 
quadruped robot because animation applications can be easily made by using virtual 
reality toolbox of MATLAB. The drawing (see Figure 5.1) is made with respect to 
horse’s structure which is modeled detailed last chapter. 
 
Figure 5.1 : Virtual reality model of quadruped robot. 
This chapter is organized in three sections; gait planning, inverse kinematics of the 
quadruped robot, and simulation results. 
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5.1 Gait Planning 
In general, if a mobile robot has 𝑝 legs, the number of possible gaits 𝑁 is determined 
by  
𝑁 =   2𝑝 −  1 ! (5.1) 
where the symbol ! means a factorial expression [1]. In particular, a quadruped robot 
can make 5040 gaits. So, there exists so many gait patterns and they can construct 
various styles of foot configuration. 
 
Figure 5.2 : Walking pattern of a quadruped robot. 
In this thesis, we considered one of the basic gaits of the robot, the walking trot of a 
quadruped mammal as shown in Figure 5.2. The walking process depicted in Figure 
5.2 is as follows. The robot is supported by four feet stayed in the ground at the 
initial state. As time goes by, the diagonals legs move in tandem. While a pair of legs 
is fixed to the supporting surface and pushes the robot forward the other pair is on 
the air, seeking a new foothold. In other word, when a pair of legs of the robot is in 
the air before grasping a point on the terrain, the model for that legs are open 
kinematic chain models, similar to the models of a serial industrial manipulator. At 
this time, all the other pair of legs with a grasp on the terrain constitutes closed 
kinematic chain. The results are visualized by Virtual Reality as shown in Figure 5.3. 
 
 
 
Foots 
0 𝑡1 𝑡2  𝑡3  𝑡4  𝑡5  𝑡6  𝑡7  𝑡8  Time (s) 
Contact with ground On moving 
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Figure 5.3 : Trot walking pattern, (a), (b), (c), (d), (e), (f), (g), (h), (l) are given 
respectively with respect to time. 
 
(a) (b) (c) 
(d) (e) (f) 
(g) (h) (l) 
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5.2 Inverse Kinematics of The Quadruped Robot 
In this case the feet which are grasping on the terrain are subject to the no-slip, pure-
roll condition in the form of holonomic constraint. There is no need to include 
angular velocities of the tip point in inverse kinematics because we do not want to 
constrain the rotation of the tip point. This increases the redundancy of each leg and 
prevents the system going through possible singularities. To do this we need to 
partition the Jacobian matrix and the joint rates of each leg can be computed by using 
the applied linear velocities at the tip point. We have mentioned the partitioning of 
Jacobian matrix in Chapter 3.2, in equation (3.24). The Jacobian matrix gives 
information about angular and linear velocities. If we cast off the part about angular 
velocity, the others are sufficient for calculating the joint rates. It can be done as 
 
Figure 5.4 : Jacobian matrix partitioning. 
We can make some row operations in the Jacobian matrix  ℐ  as shown in Figure 5.4 
and the relation of linear and angular velocities of the tip point between ℐυ  and ℐ𝜔  
matrices can be written respectively as 
 
 
 
 
 
𝜈 𝑡
1
𝜈 𝑡
2
𝜈 𝑡
3
𝜈 𝑡
4  
 
 
 
 
=
 
 
 
 
 − ℓ
 
𝑏 ,𝑡
1 I3 ℐυ
1 0 0 0
− ℓ 𝑏 ,𝑡
2 I3 0 ℐυ
2 0 0
− ℓ 𝑏 ,𝑡
3 I3 0 0 ℐυ
3 0
− ℓ 𝑏 ,𝑡
4 I3 0 0 0 ℐυ
4  
 
 
 
 
                        
ℐυ  
 
 
 
 
 
 
 
𝜔  𝑏
𝜈 𝑏
𝜃 1
𝜃 2
𝜃 3
𝜃 4  
 
 
 
 
 
 
 (5.2) 
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𝜔  𝑡
1
𝜔  𝑡
2
𝜔  𝑡
3
𝜔  𝑡
4  
 
 
 
 
=
 
 
 
 
 I3 03 ℐ𝜔
1 0 0 0
I3 03 0 ℐ𝜔
2 0 0
I3 03 0 0 ℐ𝜔
3 0
I3 03 0 0 0 ℐ𝜔
4  
 
 
 
 
                      
ℐ𝜔  
 
 
 
 
 
 
 
𝜔  𝑏
𝜈 𝑏
𝜃 1
𝜃 2
𝜃 3
𝜃 4  
 
 
 
 
 
 
 (5.3) 
Here we are not including the ℐ𝜔  matrix in the calculation to prevent the system from 
unnecessary processing. And we can partition the ℐυ  matrix with column operations 
as 
ℐυ𝜔 =
 
 
 
 
 
− ℓ 𝑏 ,𝑡
1 ℐυ
1 0 0 0
− ℓ 𝑏 ,𝑡
2 0 ℐυ
2 0 0
− ℓ 𝑏 ,𝑡
3 0 0 ℐυ
3 0
− ℓ 𝑏 ,𝑡
4 0 0 0 ℐυ
4
 
 
 
 
 
, ℐυυ =
 
 
 
 
 I3 I3 0 0 0
I3 0 I3 0 0
I3 0 0 I3 0
I3 0 0 0 I3  
 
 
 
 
 (5.4) 
So the equation (5.2) can be written as 
 
 
 
 
 𝜈 𝑡
1
𝜈 𝑡
2
𝜈 𝑡
3
𝜈 𝑡
4  
 
 
 
 
=
 
 
 
 
 
− ℓ 𝑏 ,𝑡
1 ℐυ
1 0 0 0
− ℓ 𝑏 ,𝑡
2 0 ℐυ
2 0 0
− ℓ 𝑏 ,𝑡
3 0 0 ℐυ
3 0
− ℓ 𝑏 ,𝑡
4 0 0 0 ℐυ
4
 
 
 
 
 
                      
ℐυ𝜔
 
 
 
 
 
 
𝜔  𝑏
𝜃 1
𝜃 2
𝜃 3
𝜃 4  
 
 
 
 
+
 
 
 
 
 I3 I3 0 0 0
I3 0 I3 0 0
I3 0 0 I3 0
I3 0 0 0 I3  
 
 
 
 
              
ℐυυ
 
 
 
 
 
𝜈 𝑏
0
0
0
0  
 
 
 
 
 
   (5.5) 
Here the term of ℐυυ  can be moved on the left side of the equation as 
 
 
 
 
 
 𝜈 𝑡
1
− 𝜈 𝑏
𝜈 𝑡
2
− 𝜈 𝑏
𝜈 𝑡
3
− 𝜈 𝑏
𝜈 𝑡
4
− 𝜈 𝑏  
 
 
 
 
 
=
 
 
 
 
 
− ℓ 𝑏 ,𝑡
1 ℐυ
1 0 0 0
− ℓ 𝑏 ,𝑡
2 0 ℐυ
2 0 0
− ℓ 𝑏 ,𝑡
3 0 0 ℐυ
3 0
− ℓ 𝑏 ,𝑡
4 0 0 0 ℐυ
4  
 
 
 
 
                      
ℐυ𝜔
 
 
 
 
 
 
𝜔  𝑏
𝜃 1
𝜃 2
𝜃 3
𝜃 4  
 
 
 
 
 
(5.6) 
The inverse kinematics is obtained as follows 
 
 
 
 
 
 
𝜔  𝑏
𝜃 1
𝜃 2
𝜃 3
𝜃 4  
 
 
 
 
=  ℐυ𝜔  
#
 
 
 
 
 
𝜈 𝑡
1 − 𝜈 𝑏
𝜈 𝑡
2 − 𝜈 𝑏
𝜈 𝑡
3 − 𝜈 𝑏
𝜈 𝑡
4 − 𝜈 𝑏 
 
 
 
 
 (5.7) 
where  ℐυ𝜔  
#
 is the pseudo inverse of ℐυ𝜔 .  
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5.3 Simulation Results 
Base linear velocities are applied at the middle point of base and the tip point linear 
velocities 𝜈 𝑡
1 , 𝜈 𝑡
2 , 𝜈 𝑡
3 , and 𝜈 𝑡
4  are applied to the right fore leg, left fore leg, right 
hind leg and left hind leg respectively as shown in Figure 5.5. 
 
Figure 5.5 : Applied linear velocities to the quadruped robot. 
 
Figure 5.6 : Applied base velocities. 
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Figure 5.7 : Applied linear velocities of the tip points. 
Under the applied linear velocities of base and tip points in Figure 5.6 and Figure 5.7 
the results are plotted for a total time period of 2s. We show the angular and linear 
velocities of the links for each arm as follows 
 
Figure 5.8 : Angular velovities of the links of arm 1. 
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Figure 5.9 : Linear velovities of the links of arm 1. 
 
 
 
 
Figure 5.10 : Angular velovities of the links of arm 2. 
 
0 1 2
0.1
0.15
0.2
1Link01
v
x
 [
m
/s
]
time [s]
0 1 2
-0.1
0
0.1
v
y
 [
m
/s
]
time [s]
0 1 2
-0.05
0
0.05
v
z
 [
m
/s
]
time [s]
0 1 2
0
0.2
0.4
1Link12
v
x
 [
m
/s
]
time [s]
0 1 2
-0.02
0
0.02
v
y
 [
m
/s
]
time [s]
0 1 2
-0.1
0
0.1
v
z
 [
m
/s
]
time [s]
0 1 2
0
0.2
0.4
1Link23
v
x
 [
m
/s
]
time [s]
0 1 2
-0.02
0
0.02
v
y
 [
m
/s
]
time [s]
0 1 2
-0.05
0
0.05
v
z
 [
m
/s
]
time [s]
0 1 2
0
0.2
0.4
1Link34
v
x
 [
m
/s
]
time [s]
0 1 2
-5
0
5
x 10
-3
v
y
 [
m
/s
]
time [s]
0 1 2
-0.1
0
0.1
v
z
 [
m
/s
]
time [s]
0 1 2
-0.01
0
0.01
2Link01
w
x
 [
ra
d
/s
]
time [s]
0 1 2
-0.01
0
0.01
w
y
 [
ra
d
/s
]
time [s]
0 1 2
-0.05
0
0.05
w
z
 [
ra
d
/s
]
time [s]
0 1 2
-0.01
0
0.01
2Link12
w
x
 [
ra
d
/s
]
time [s]
0 1 2
-0.1
0
0.1
w
y
 [
ra
d
/s
]
time [s]
0 1 2
-0.05
0
0.05
w
z
 [
ra
d
/s
]
time [s]
0 1 2
-0.01
0
0.01
2Link23
w
x
 [
ra
d
/s
]
time [s]
0 1 2
-0.05
0
0.05
w
y
 [
ra
d
/s
]
time [s]
0 1 2
-0.05
0
0.05
w
z
 [
ra
d
/s
]
time [s]
0 1 2
-0.01
0
0.01
2Link34
w
x
 [
ra
d
/s
]
time [s]
0 1 2
-0.05
0
0.05
w
y
 [
ra
d
/s
]
time [s]
0 1 2
-0.05
0
0.05
w
z
 [
ra
d
/s
]
time [s]
47 
 
Figure 5.11 : Linear velovities of the links of arm 2. 
 
 
 
 
Figure 5.12 : Angular velovities of the links of arm 3. 
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Figure 5.13 : Linear velovities of the links of arm 3. 
 
 
 
 
Figure 5.14 : Angular velovities of the links of arm 4. 
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Figure 5.15 : Linear velovities of the links of arm 4. 
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6. CONCLUSIONS 
The quadruped mammal-like robot was modeled using spatial operator algebra. The 
time variant topology of the robot was analyzed in the sections of open and closed 
chain kinematic systems. The kinematic analysis of quadruped robot is very 
complicated due to its complex mechanism and redundant actuation. However we 
analyzed the system with a high performance algorithm (SOA) recursively. Using 
this algorithm the model could be easily implemented in programming. The 
visualization of the system was done using the “Virtual Reality Toolbox” in the 
environment of MATLAB-SIMULINK. The performance of the robot in a cycle gait 
was presented in Chapter 5. As a result of this example the link angular and linear 
velocities relative to this gait were displayed in figures. 
This work can be extended to include dynamical modeling of the quadruped robot 
and this can be further applied to a real system to be manufactured. 
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